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for Stability Analysis of Hypersonic Axisymmetric Flows

Accuracy of Parabolized Navier-Stokes Schemes

Vahid Esfahanian® and Kazem Hejranfar’
University of Tehran, 11365-4563 Tehran, Iran

The accuracy of the parabolized Navier-Stokes (PNS) and globally iterated PNS (IPNS) schemes for use as
basic flows is studied for stability analysis of hypersonic axisymmetric flow over blunt and sharp slender cones at
Mach 8. The numerical solution of the PNS and IPNS models is obtained by using the implicit finite difference
algorithm of Beam and Warming with a shock-fitting procedure. Both the PNS and IPNS solutions are thoroughly
verified and compared with the thin-layer Navier-Stokes (TLNS) solution and experimental data. The stability
analysis and transition prediction are performed using the parallel-flow linear stability theory together with the "
method. A systematic sensitivity study is performed for basic state solutions, including profiles and their derivatives,
and spatial growth rates obtained from the PNS and IPNS models. The basic flow and stability results and the
predicted transition location based on the PNS model are qualitatively in good agreement with those of other
theoretical investigations using various basic flow models. Improved agreement with the TLNS model for both
basic state solution and stability results is achieved when the IPNS model is applied. Attention is concentrated
on those features of the numerical methods of the basic flow computation that need particular care if adequate
stability results are to be obtained. The study shows that the number of grid points, the grid distribution, and
the amount of numerical dissipation have significant effects on the stability results. Moreover, indications are that
careful numerical solutions of the PNS and IPNS schemes as laminar basic flow calculationslead to a more practical
transition prediction tool in hypersonic flows.

Nomenclature S = arc length along the body
D = differential operator,identical to d/dy, T = temperature
D,, D, = explicit and implicit dissipation terms t = ume
E = total energy per unit volume U,V,W = velocity componentsin &, n, and ¢ directions
F,G,H = transformed flux vectors U = solution vector, J ™' (p, pu, pv, E)”
f = frequency U. = contravariantvelocity in £ direction, §,u +&,v
G = generalizedinflection profile, u,v = velocity componentsin x and y directions
d/dy,(p dU/dy,) — kp dU /dy, X,y = Cartesian coordinates
hy, hy, h; = scalefactorsin &, n, and ¢ directions o, B = wave numbers in £ and ¢ directions
J = Jacobian, & n, — &1, —; = spatial growth rate
L = referencelength, Ry for blunt cone B = clustering parameter
and §*  for sharp cone y = ratio of specific heats .
l, = Blasius length based on boundary-layeredge AV = forward and backward difference operators
conditions, /(v S*/U¥) €, €; = explicit and implicit dissipation coefficients
oo = Blasius length based on freestream conditions, 0, = cone half-angle
VLS /Ux) K2 = curvature term, (0h3/3y,)/hs = cos6./h;
M = Mach number v = kinematic viscosity
N = N factor & = computational coordinates
)4 = pressure En, ¢ = intrinsic curvilinear coordinates
0 = flowfield vector, (U, V, W, p, T)T o = density
Re,; = Reynolds number based on boundary-layeredge Q, = pressure underrelaxationcoefficient
conditionsand l,, U}l /v = /(U S* /v}) w = cirgula_r frequenpy
Re, ¢ = Reynolds number based on boundary-layeredge w = weighting function
conditions and §*, U} S* /v
Re, = Reynolds number based on freestream Subscripts
conditionsand L, U L /vZ, )
Re ., = Reynolds number based on freestream b = basic flow N
conditionsand Iy, UZ I, /vi = /(UL S*/vE) e = bol{nd.ary-layered.ge cqndmon
Ry = dimensional nose radius i = inviscid vector or imaginary part
r = body radius k = old time level
m = intermediate time level
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disturbance quantity
amplitude quantity

Introduction

HE accurate determination of viscous hypersonic flowfields

past long, slender axisymmetric blunt bodies is of prime inter-
est to the aerodynamicdesigner of high-speed vehicles both from an
aerodynamic and a heat transfer standpoint. Additionally, for such
vehicles, the knowledge of the transition Reynolds number and the
use of suitable turbulence modeling are key factors in accurately
predicting the skin-friction drag and aerodynamic heating. There-
fore, the prediction of the transition location is of great importance
for hypersonic vehicles because the drag and the heating rate are
strongly dependent on the location where transition occurs.

Hypersonic transition experimentsof blunted-coneforebodiesby
Stetson' and Stetson et al.? indicate that a small nosetip bluntness
makes significant changes in the local transition Reynolds number
along the frustum. It is found that, by adding a blunt nose to a sharp
cone, transition is delayed to a distance farther downstream of the
nosetip. On the other hand, for a large nosetip bluntness, transition
may occur prematurely on the nose itself, and hence, the transition
Reynolds number is greatly reduced. This rearward movement of
the transition location is known as “transitionreversal phenomena.”
Therefore, the transition Reynolds number is very sensitive to the
bluntness ratio of the body, and any attempt toward understanding
the process of transition of blunt bodies will have a significant role
in the design of high-speed vehicles.

Most theoretical stability studies of hypersonic axisymmetric
flows over blunt bodies known in the literature are based on the
parallel-flow linear stability analysis >~ The hydrodynamic stabil-
ity theory is useful in indicating the major dominant effects that
hasten or delay transitionin a relative sense. In addition, the transi-
tion location can be approximately predictedusing a semi-empirical
correlation such as the e method.

The stability analysis of the flow over blunt slender bodies at high
Mach numbers faces three major problems*>: 1) the computation
of the basic flowfield and the derivatives of the flow variables with
sufficient accuracy, 2) the formulation of the stability problem with
proper account for the flow physics, and 3) the accurate solution
of the stability equations. Two models for an accurate computa-
tion of the basic flow over blunt axisymmetric bodies are the thin-
layer Navier-Stokes (TLNS) equations and the Euler/second-order
boundary-layer (EUBL) equations.

The TLNS model has been used by Esfahanian* and Herbert and
Esfahanian’ as a basic flow to study the stability analysis of hyper-
sonic flow over a blunt cone at Mach 8 for the conditions of the
experiment of Stetson et al.? [the Stetson-Thompson-Donaldson-
Siler (STDS) blunt-cone case]. The numerical solution of the TLNS
model was obtained by the Beam-Warming method® using a shock-
fitting procedure. Esfahanian* and Herbert and Esfahanian’ devoted
considerableeffortto obtainan accurate solutionof the TLNS model
by employing the smallest possible numerical dissipation value.
They emphasized the need for a correct calculation of the basic
flow variables and also their derivatives as a prerequisite for sta-
bility computations. Although they used an accurate basic flow by
employing the TLNS model, the associated stability results showed
much larger maxima for the second-mode spatial growth rate than
that of the experiment.

Kufner et al.5 performed a detailed basic flow sensitivity study
to explain the discrepancies between experimental and previously
obtained theoretical spatial growth rates for the STDS blunt-cone
case. They used the TLNS equations as a basic flow, which was nu-
merically solved using a shock-capturingupwind scheme with total
variation diminishing properties. According to their studies, the ef-
fects of cooling and heating, as well as wall temperature reductions
or boundary-layer thickness variations, cannot be used to explain
the discrepancies. They have claimed that the discrepanciesbetween
theoretical and experimental results seem to be caused by experi-
mental problems. In addition, the stability results of Kufner et al.,
namely, the spatial growth rates, disagreed with those obtained by
the TLNS model*® solved by the Beam-Warming method, and the
maximum value was lower.

Because the numerical computations of hypersonic viscous flows
using the TLNS equationsare time consuming and require very high
storage and computer speed, Stilla’ used an Euler/boundary-layer
scheme in combination with a second-order boundary-layertheory
to compute the basic flow for investigating the stability analysis of
the STDS blunt-cone case. Results of his sensitivity study showed
the importance of viscous-inviscid interaction and entropy-layer
resolution. Although the computation of the basic flow and the sta-
bility results based on the EUBL model agree very well with the
TLNS computation based on the Beam-Warming scheme, provid-
ing the inviscid solution and the edge boundary conditions (includ-
ing the displacement effect) and matching the inviscid and viscous
regions are cumbersome.

Consequently, for practical engineering prediction of transition
location, one has to choose a more efficient way of computing the
basic flow. An appropriate candidate for the basic flow computa-
tion is the parabolized Navier-Stokes (PNS) equations. The PNS
equations are paraboliclike with respect to the streamwise direc-
tion. Hence, similar to the boundary-layerequations, the PNS equa-
tions are solved by marching an initial data plane in space rather
than by marching the entire flowfield in time, as is done for the
TLNS equations. Thus, the computational effort and required stor-
age can be significantly reduced using the PNS equations. Unlike
the boundary-layerequations, however, the PNS equations are valid
in both the viscous and inviscid portions of the flowfield. Therefore,
the PNS equations are suitable for solving the regions of the flow-
field, such as the entropy layer, in which a strong interaction exists
between these regions (Fig. 1).

The effectof nose bluntness on boundary-layerstability and tran-
sition for the conditions of Stetson et al.> has been studied by
Malik et al.> They computed the basic flow by employing the PNS
code that was based on a shock-capturing upwind algorithm. They
found that the predicted transition Reynolds number increases due
to small nose bluntness as observed by Stetson et al.2 The stabil-
ity results obtained by Malik et al.*> disagree with those obtained
by the TLNS model*’ solved by the Beam-Warming method and
the EUBL model,” but their results® are closer to the STDS blunt-
cone experiment. Malik et al.> observed wiggles in the pressure pro-
files. However, they did not investigate the accuracy of basic flow
variables and their derivatives in comparison with Navier-Stokes
solutions and their effects on the stability results.

To clarify some of the open questions, considerable efforts have
been devoted to develop accurate PNS and iterated PNS (IPNS)
codes”!° compatible with the TLNS code developedby Esfahanian®
and Esfahanian et al.!! The study of the STDS blunt-cone case has
shown thatthe resultsof the presentPNS code arerelatively accurate
for the basic flow variables, but due to the omitting of the elliptic
contribution of the streamwise pressure gradient, small deviations
exist in the subsonic region of the derivatives of flow variables,
which may affect the accuracy of the stability results.!”> Therefore,
the globally IPNS model, which is computationally more efficient
thanthe TLNS model, is usedto accountfor the full pressure gradient
in the subsonic viscous region to improve the accuracy of basic state
variables and their derivatives, as well as stability results."

In the present work, the accuracy of the PNS and IPNS models
for use as basic flows is investigated for the stability analysis of hy-
personic axisymmetric flow over the blunt and sharp slender cones
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Fig. 1 Physical model for hypersonic flow past a blunt cone.
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(the STDS cases) at Mach 8. A sensitivity study of basic state pro-
files, their derivatives, and stability results is performed. The effect
of number of grid points, grid distribution, and amount of numeri-
cal dissipation used in the PNS equations is also investigated. The
present computations for both sharp and blunt cones are compared
with available theoretical and experimentalresults, and some of the
observeddiscrepanciesamong theoreticalstudiesare alsodiscussed.

Benchmark Cases

The geometry and the freestream conditions are adapted to the
wind-tunnel cone experiments of Stetson et al.2'* Here, both sharp
and blunt cones are considered. For the STDS blunt-cone case,
the flow conditions are a freestream Mach number of M, =38, a
freestream unit Reynolds number of Rey,/m =8.2021 x 10%, and
a freestream temperature of 7} =54.3 K. For the STDS sharp-
cone case, the freestream Mach number is set to M., =8, the
freestream unit Reynolds number to Re,,/m = 3.2808 x 10°, and
the freestream temperature to 7,7 = 52.75 K. Both sharp and blunt
cones have a half-angle of 6. = 7 deg, and the study is performed at
zero angle of attack. The blunt cone has a spherical nose radius of
Ry =3.81 mm, and the freestream Reynolds number based on this
length is Re,, =3.1250 x 10*. The maximum arc length along the
body of the sharp cone is set to be S}, = 1.9888 m, which corre-
sponds to the freestream Reynolds number of Re,, = 6.525 x 10°.

Basic Flow Computations

To carry out the stability analysisand transitionprediction, the ba-
sic flow needs to be computed with sufficient accuracy. The TLNS
model is used for computing the basic flow and for verifying the
PNS and IPNS solutions. The TLNS equations are obtained from
the full Navier-Stokes equations by neglecting viscous terms asso-
ciated with the streamwise derivatives. The implicit factored finite
difference scheme of Beam and Warming® is chosen to solve the
TLNS equations. In addition, a shock-fitting procedure is used to
obtain an accurate solution in the vicinity of the shock wave. The
detailed derivations of the TLNS equations and the numerical al-
gorithm are given in Refs. 4 and 15. The advantage of the Beam-
Warming method® over upwind schemes is that the numerical dissi-
pation values are fully controllable by the user. Consequently,using
the Beam-Warming scheme allows one to study the effect of nu-
merical dissipation on the stability results. In view of the preceding
remarks, the Beam-Warming method with the shock-fitting proce-
dure is also applied to the PNS and IPNS models described in the
following.

Basic Flow: PNS Model

The PNS equations are obtained by dropping the unsteady term
in the TLNS equations and modifying the streamwise pressure gra-
dientin the streamwise momentum equation to permit stable march-
ing. The PNS equations for axisymmetric compressible flow can be
written in dimensionless and conservative form in the generalized
coordinate system (£, n) as follows:

_+_77+H=0 1)

where

F=F[, GZG[_GU, H=H[_Hu

The PNS equationsare a mixed set of hyperbolic-parabolicequa-
tions in the marching direction, provided that the inviscid flow is
supersonic, the streamwise velocity component is everywhere pos-
itive, and the streamwise pressure gradientis either dropped or the
departure behavior is suppressed using a suitable technique. The
presence of the streamwise pressure gradientterm in the streamwise
convective flux vector permits the upstream influences to occur in
the subsonic region of the boundary layer, which leads to exponen-
tially growing solutions referred to as departure solutions.'s Stable
marching of numerical solution of the PNS equations is achieved
in the subsonic region of the boundary layer by using the methods

proposed by Vigneron et al.!” and Schiff and Steger.!® Both meth-
ods are implemented in the present PNS code. For this study, the
Vigneron et al.!” technique is used.

In the Vigneron et al.!” approximation, the streamwise pressure
gradientin the momentum equations is split into an implicit contri-
bution and an explicit contribution:

ap _ap __ap
= =|o— +|(-a)= @)
as [a) as i|implicit [( a)) as i|explicit

The weighting function o is determined as

2

5)=min|:l,LMs:| 3)
1+ (y — 1)M§2

where M; is the local streamwise Mach number and o is a safety

factor to account for nonlinearitiesin the analysis. To introduce the

Vigneron et al.'” techniqueinto the PNS equations,a new vector F*

is defined as

F*=F—-P 4)
Thus, the new form of the PNS equations appears as

OF* 9P 3G
+—+—+H=0 5
9§ 9§ 9n ®

where the inviscid vectors F* and P are

pU. 0
F* = J_l ,OMUC + @gvp P= J_l Sv(l - 0_))17 (6)
vac+03$yp ' 5»(1_0_))17
(E+p)U, 0

In this study, the ratio of specific heats is assumed constant,
y = 1.4, the molecular viscosity u is determined by the Sutherland
law, and the coefficient of thermal conductivity is calculated by as-
suming a constant Prandtl number, Pr =0.72. Finally, the system
of PNS equations s closed by employing the perfect-gasequations
of state. The equations are nondimensionalizedusing the reference
lenght L (Ry or S% ) and freestream conditions.

In the present PNS code, the elliptic part of streamwise pressure
gradient term (3P/3€) responsible for upstream disturbance prop-
agation is omitted to permit the space-marching procedure to be
stable.

Basic Flow: IPNS Model

To solve the flowfields with significant upstream influences, the
omitting of the explicit part of the streamwise pressure gradient
may affect the accuracy of basic flow variables and their deriva-
tives. In these cases, the globally IPNS equations, called the reduced
Navier-Stokes equations, can be used, and the upstream influences
are taken into accountby the forward differencingof the elliptic part
of streamwise pressure gradient.

The globally IPNS scheme has been used by severalinvestigators,
including Rubin,' Rakich,?’ Barnett and Davis,?! and others. The
IPNS model presented herein is based on the method proposed by
Barnett and Davis. This IPNS scheme utilizes an alternating direc-
tion explicit (ADE) procedure which is in the form of a two-step
calculation procedure for each global iteration. In the ADE method,
the streamwise pressure gradientis split using the Vigneron et al.!”
technique, and a fictitious unsteady term is appended to the elliptic
part as follows:

o _ -, |
oe 99 T w)[as 8ti| ™

to permit the upstream propagation of information through the
subsonic region in a hyperbolic manner.
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Fig. 2 Marching procedure and initial data surface for starting the
PNS solution.

Boundary Conditions and Initial Data

The boundary conditions at the wall consist of no-slip conditions
for velocity components, a specified wall-temperature or an adia-
batic wall, and zero pressure gradient approximation normal to the
wall. The wall for the cases studied here is assumed to be adiabatic.
At the upper boundary, the bow shock is fitted using a shock-fitting
technique to obtain an accurate solution of the PNS equations near
the shock.

The starting data of the PNS equations are provided by the solu-
tion of the TLNS equations for the blunt-cone case. Figure 2 shows
the initial condition and the marching procedure for the PNS equa-
tions. The starting solution on an initial data surface where the in-
viscid flow is supersonicis obtained from the solution of the TLNS
model. The PNS equations are self-starting for the sharp cone case,
and the initial data for the space-marching procedure are provided
by the conical solution of the PNS equations.

Computational Grid

An algebraic grid scheme is used to compute the basic flowfield.
The lines of constant & are distributed nearly uniformly along the
body surface and are orthogonal to the body. (Some adjustment of
the & lines was necessary to match the stations used in the STDS
experiment.) Orthogonality is required because the solution will be
used for the stability analysis. To ensure that the viscous regions are
adequately resolved, the lines of constant n are clustered near the
body surface according to'¢

()C - xw)/(xx - xw) = L_la (y - yw)/(yv - yw) =a (8)

where

B _ 1_a(l—n/nmux) B E+1
a=1+ﬂ[l+a(l—ﬁ/ﬁmux)}’ azg_l

in which the clustering parameter Bis typicallyassignedin the range
of 1.001-1.01. The grid is used for all of the TLNS, PNS, and IPNS
models.

Numerical Solution

The PNS equations in the generalized coordinate system (5) are
solved by the use of the efficient implicit finite difference factored
algorithm of Beam and Warming?® for a spatial-marching scheme.
The algorithm for a marching step A can be written in delta form
as

Ll Y- BN L R ) R
U +1+92 an| oU o

At [0G Yo . .
=-— E[ +Hi| + ——AF "' — AP

146, 3_77 1+06,

B N
0§ |, 1+ [onlog],, " log],,

)

where the derivative [d/dU] is referred to as Jacobian matrix and
the subscripts U and U, represent terms that are evaluated with U
and U, held fixed. The algorithm utilizes the first-order backward
Euler implicit scheme (6, = 1, 6, =0) in the marching direction &
and the second-order central scheme in the normal direction 7.

The preceding system of equations along with the boundary con-
ditions at the wall and the shock gives a block tridiagonal system of
equations for AU' with a block size of 4 x 4. A block-tridiagonal
solveris used to calculate the incremental solution vector AU’, and
then the solution vector is determined as follows:

U+l =U + AU (10)

At each station, the shock slope is iteratively corrected in an explicit
manner. The iterative process is repeated at the shock until the solu-
tion converges, and then the solution marches on the next solution
plane.

High-order dissipation terms must be added to this scheme in or-
der to damp high-frequencyoscillations associated with the central
differencing of derivatives in the 5 direction. Therefore, second-
orderimplicitand fourth-orderexplicitdissipationterms of the form

aF ]
D= —J 7 (V,A)T AU, 6 =2 (11)
U
aF ] [ 1
De = _GF[W} J I(VWA,?)ZJU, €, < g (12)

are added to the left- and right-hand sides of Eq. (9). Note that only
the explicitdissipationterm, €, = 0.01, is used in the PNS equations.
The implicit dissipation term is set to zero, €; =0, to obtain a more
accurate solution.

Recall that, to solve the single sweep PNS model, the explicit
streamwise pressure gradient term (AP') in Eq. (9) is dropped. For
the solutionof the IPNS model, the precedingalgorithmcan be used,
and the streamwise pressure gradient term is treated by employing
the ADE procedure. The ADE scheme, using a first-order forward
difference formula for the explicit pressure gradient term in Eq. (7),
is written in two steps as follows?!:

The first step is
i+1 i i i i i i
ap _Pﬁ,fl—Pi” - pk+2_pk+l pm+l_pk+l
—=| o2t a-a) -
a& AE AE At
(13)

In this step, the PNS equations are solved with the streamwise pres-
sure gradient given by Eq. (13). The solution is marched from the
upstream to the downstream boundary to obtain the pressure distri-
bution at the intermediate time level p,,.
The second step is
Al S A TR ATl /ST SR T A
A& At B AE At

(14)

Equation (14) is solved by marching the solution from the down-
stream to the upstream boundary to obtain the pressure at the new
time level p; . ;. This simple relation enforces the propagation of
information upstream in a relatively rapid manner.

An appropriate outflow boundary condition for the IPNS solution
is provided by setting the streamwise pressure gradientequal to zero
at the outer boundary. The IPNS solution requires the initial pres-
sure distributionin the subsonicregion. The initial guess can be ade-
quately provided by solving the standard single-sweep PNS model.
When this initial condition is provided, the solution of the IPNS
modelis obtainedby the ADE procedure,and the pressureis stored at
all stationsonly in the subsonicregion. Then, the processis repeated
until the solution converges to a specified convergence criterion.

To accelerate the convergencerate of the IPNS model, the under-
relaxation procedure for pressure calculationin the subsonic region
is applied as follows:

Piy1 =Py + (1 —Q))py, Q, <1 (15)
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Step-Size Requirement

Cline and Carey?? showed that the coupling of the implicit algo-
rithm to an explicit shock-fitting technique for advancing the bow
shock introduces an explicit stability restriction on the maximum
allowable marching step size at the shock boundary (A& < A& .0)-
As the solution is marched downstream, the maximum allowable
step size increases. In this study, the step size is kept constant in
the stability band to prevent decreasing the solution accuracy. The
step sizes employed in the downstream marching procedure are
A& =2 x 107* and 0.1 for the STDS sharp and blunt cones, respec-
tively.

Codes Verification

The TLNS code has been thoroughly verified by comparison with
Navier-Stokes solutions and thin-layer solutions of previousinves-
tigators. These verifications include the sensitivity of the solution to
the number of grid points, the choice of the clustering parameter at
fixed Courant-Friedrichs-Lewy number, and the explicitnumerical
dissipation, which was usually set equal to the time step. Details of
these investigations have been reported in Refs. 4 and 11.

The present PNS code has been fully verified and compared with
the TLNS code and the experimental results for the STDS blunt-
cone case. Considerable efforts have been focused on the PNS code
to use the least possible numerical dissipation value. The present
IPNS code has been verified using a 10-deg compression ramp,
a parabolic bump on a flat plate, and a geometry with multiple
embedded regions. The results of the present IPNS code have been
compared with other IPNS models and full Navier-Stokes results,
which show good agreement. Details of these comparisons have
been presented in Refs. 9 and 10.

Linear Stability Analysis

Linear Stability Equations

For stability analysis and transition prediction of hypersonic flow
over axisymmetric bodies, the parallel-flow linear stability analysis
is employed? The stability calculations of the flow over axisym-
metric bodies require the derivation of the disturbance equationsin
curvilinearcoordinates. The disturbanceequationsare derived from
the tensor-analyticalform of the Navier-Stokes equations using the
body intrinsic curvilinear coordinate system. For the cone frustum,
the curvature of the body is zero, and the radius of the body changes
linearly with x. Therefore, the scale factorsin this orthogonalcurvi-
linear coordinate system (&, 7, ¢) are

hy =1, hy =1, hy =r(§)+ ncoso, (16)
The linear stabilityequationsare obtainedin the traditional way, that
is, the basic flow is perturbed by fluctuations in the flow; therefore,
the flowfield vector Q can be decomposed into a steady laminar
axisymmetricmean value (basic flow) Q, = (U,, V;,, 0, p,, T;,)T and
an unsteady three-dimensional perturbation quantity Q' = (U’, V',
W', p', T as follows:

Q($7 7, ¢»t) =Qh($» )’])+Q/($, 7, ¢7t) (17)

Then, by substituting these equations into the Navier-Stokes equa-
tions and subtracting from the governingequationscorrespondingto
the steady basic flow, one can obtain the governingequationsfor the
disturbancesQ’. All terms including those arising from longitudinal
and transverse curvatures are considered. The streamwise variation
of the basic flow is neglected under parallel flow assumption, that
is,

U, = U,(n), V, =0, T, =T,(n)

Py = pPp(m), s = (1) (18)

Because the disturbances are assumed small, the disturbance equa-
tions can be linearized, that is, the terms quadratic or higher in the
disturbances and their derivatives may be neglected. When it is as-
sumed that the disturbance vector Q' for an instability wave can be
expressed as

Q'(,n, ¢, 1) = Q(n) expli(a& + fp — w1)] (19)

the linearized disturbance equations are reduced to the following
system of ordinary differential equations:

A31+33447Q—0 (20)
dn? dn N

where Q= ([7, \7, W, D, f")T and A, B, and C are 5 x 5 matrices.
These linearized equations with the homogeneous boundary condi-
tions constitute an eigenvalue problem as follows:

o =a(w, B) 21)

which can be solved by standard eigenvalue techniques. All quan-
tities are scaled with freestream conditions and the length /..
Therefore, the nondimensional forms of the wave numbers and the
frequency appear as

o =arly,, B =B, w=2rf*"l, [UL  (22)
The stability analysis considered here is based on the spatial theory
where o is real and « and § are complex. The real and imaginary
parts of « give the wave number and the disturbancegrowthrate, re-
spectively,and unstabledisturbanceis expected for —«; > 0. Details
of the preceding formulation may be found in Ref. 4.

Boundary Conditions

The solution of linearized stability equations requires proper
boundary conditions in the normal direction. At the wall, the ho-
mogeneous Dirichlet conditions are applied. At the shock, three
types of boundary conditions can be considered: 1) homogeneous
boundary conditions as n — 00, 2) asymptotic boundary conditions
at some finite distance from the wall, and 3) shock boundary condi-
tions based on the linearized Rankine-Hugoniot conditions.

Detailed studies on the implementation of shock boundary condi-
tions into the classical local stability analysis have been conducted
for a Mach 8 flow over a 5-deg wedge (similarity solution).*?3->4
The effect of various boundary conditions has been found to be
small, except at very small wave numbers. In the region of signifi-
cant amplification, the growth rates of both oblique first modes and
two-dimensional second modes are unaffected by the choice of the
outer boundary conditions. Similar results have been obtained for
the flow over the blunt cone.

Numerical Stability Analysis

The stability equations are solved using both spectral and fourth-
order Euler-Maclaurin compact methods for prototypeflows to val-
idate the stability codes (see Ref. 4). These methods provide for
analysis of temporal or spatial growth. The spatial stability codes
were partially verified by setting all of the curvature terms equal to
zero and then solved for flow over an adiabatic flat plate with the
edge conditions of M, =4.5 and Re,; =1.5 x 10°, with  =0.23
and B=0. For this case, excellent agreement was found*> with
Malik’s computation?

Basic Flow Results

To verify the accuracy of the basic flow obtained by solving the
PNS equations, the present computations are compared with the
results of the TLNS model and experimental data for the STDS
blunt-cone case. For comparison, the inviscid flow has also been
analyzed over a 7-deg sharp cone at Mach 8 by solving the Taylor-
Maccoll equations with a fourth-order Runge-Kutta method. The
shock angle, surface pressure, and surface Mach number are ob-
tained as §, =10.2965 deg, p}/p: =2.6025, and M, =6.8369,
respectively.

For the STDS blunt-conecase, a sensitivity study of the basic state
solutions (including profiles and their derivatives) obtained by the
PNS and IPNS models is investigated. The effect of grid size in the
wall-normal direction and amount of numerical dissipation used in
the PNS equationsis also studied. All profiles and their derivatives
calculated by the PNS, IPNS, and TLNS models are presented at
the marching station, $* /Ry = 175.
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Sensitivity Study of Basic State Solutions

A grid independence study is conducted to evaluate the effects
of grid size on the basic state variables. Figure 3 presents the effect
of grid refinement on the Mach number profile for the STDS blunt-
cone case computed by the PNS model at station 175. The results
of the PNS model are presented for various number of grid points
in the wall-normal direction (Jmax) with the stretching parameter
equal to 8 =1.01. The numerical results suggest that Jmax =200
with f=1.01 are sufficient for the computation of the flowfield.
The dotted line in Fig. 3 shows the extent of the subsonic region.

Figure 4 shows the computed shock shape obtained by the PNS
solution, which compares very well with the STDS blunt-cone ex-
perimentand the TLNS solution. Comparisonof the surface pressure
obtained from the PNS solution, the TLNS solution,and the inviscid
sharp cone with the STDS blunt-cone experiment is made in Fig. 5.
The computed results of the PNS model exhibit good agreement
with those of the TLNS model and experiment. The blunt-cone sur-
face pressureis higher than that of the inviscid sharp cone because of
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Fig. 3 Effect of grid refinement on Mach number profile in the PNS
solution for the STDS blunt-cone case; M., =8 and Re., =3.125 X 104
at S*/Ry =175.

A A A B W
250 |- -1

[ 20_l""|'"'l""l""l""l"", :

. e«  PNS Solution 1

I 15 |- o STDS Experiment -]
200 I- ! TLNS Sofution 1 7
10 [ 4
= 150_— 5:_ giunt Cone suriace_: ]
o i 1
2 Y Ve I I P TS B
[ 0 5 10 15 20 25 30 ]
100 | -1
50 N

0 reanraill TN | BN R T S
0 50 100 150 200 250

X"/ Ry

Fig. 4 Comparison of shock shape for the STDS blunt-cone case;
M, =8 and Re,, =3.125 x 10,

. PNS Solution T
o STDS Experiment
6 TLNS Solution .
- — = = Taylor-Maccoll Solution

Pw ! Pe
S
l

S S S SR EAE ST B
0 50 100 150 200 250

s/ Ry

Fig.5 Comparison of surface pressure distribution for the STDS blunt-
cone case; Mo =8 and Re, =3.125 X 104,

128 T
— — — — PNS Model, ¢, = 0.080 E
_______ PNS Model, ¢, = 0.010
12.6 |- PNS Model, ¢ = 0.001 —
. TLNS Model
b ]
124
*|_8
~ 122
B
=
12.0
118 | -
11.5"""""' PR IS T T NI T '
0 50 100 150 200 250

S*/Ry
Fig. 6 Effect of numerical dissipation value on surface temperature

distribution in the PNS solution for the STDS blunt-cone case; M., =8
and Reo, =3.125 X 10%.

the displacement effect of the boundary layer. The pressureinitially
overexpands with respect to the asymptotic afterbody pressure and
very slowly approachesthe pressure of the conical flow from below.

Figure 6 presents the effect of numerical dissipation value in
the PNS solution on the surface temperature distribution. Figure 6
demonstrates that the increase of the dissipation value causes a de-
crease of the surface temperature. With the decreasing value of nu-
merical dissipation, the surface temperature computed by the PNS
model converges to the solution of the TLNS model. Therefore, the
numerical implementation of the PNS equations, for an accurate
computation of the basic state variables, should use a numerical
dissipation that is as small as possible. The maximum discrepancy
between the computed and measured wall temperatures is about
15% (not shown in Fig. 6). It appears that the adiabatic wall con-
dition is not a very good approximation of the experimental wall
condition.
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The IPNS modelis used to improve the accuracy of the basic flow
characteristics for the STDS blunt-cone case. The IPNS model is
started from the upstream location of the inflection point of pressure
where the pressure decreases vs streamwise position until an arbi-
trary downstream location (Fig. 5). For the STDS blunt-cone case,
the computationsare consideredto be converged when the root mean
square of the relative change in pressureis less than 1.0 x 1075, The
calculations are performed for the global region 3 < S*/Ry <315
for two values of At/A& =1.0 and 5.0. For At/A§& =1.0, with
no underrelaxation €2, = 1.0, the number of streamwise sweeps re-
quired for convergence of the solution is about 46, and further re-
ducing the underrelaxation term to €2, =0.7 does not improve the
convergencerate. For Afr/A§& = 5.0, the use of the underrelaxation
term substantially reduces the number of iterations. In this case,
with the underrelaxationterm €2, = 0.7, the number of streamwise
sweeps for convergenceis about 15. For the STDS blunt-cone case,
the results of the basic flowfield computed by the IPNS model are
in closer agreement with the TLNS model than the PNS model, as
shown in the following paragraphs.

For the stability computations, the following derivatives are
required from the basic flow:

dUu d*Uu dr T dp
—_—, _—, —_—, —, —_—, (23)
dy, dy; dy, dy; dy,

where y, is the coordinate normal to the wall. These derivatives,
which are obtained from the numerical solutions of the TLNS,
PNS, and IPNS models, are compared with each other to examine
the accuracy of the PNS and IPNS solutions. In the present study,
the second-order finite difference formula is used to compute the
derivatives. Note that the value of o in Eq. (3) is set close to one to
avoid oscillations in the higher derivatives of the basic flow profiles
computed by the PNS model near sonic line.

Figure 7 shows a comparison of the first derivative of velocity
profile DU for the three models at station 175. A small deviation
exists in the first derivative of velocity profile for the PNS model
near the wall, but results of the IPNS and TLNS models agree very
well. In the subsonicregion, the PNS model has a shear stress higher
than those computed by the IPNS and TLNS models. The maximum
deviationof the PNS and othersolutionsis at the wall. This deviation
decreases as the wall-normal distance increases such that all of the
solutions have approximately the same results at the sonic layer.
For a single-sweep PNS model, only a fraction of the streamwise
pressure gradient term [@(dp/d&)] can be retained in the subsonic
region in which this term approaches zero at the wall. Because the
case under study has an adverse pressure gradient, neglecting the

explicit part of the streamwise pressure gradient term causes the
flow to accelerate, and therefore, the velocity profile of the PNS
model has a slope higher than those of the IPNS and TLNS models.
This is not the case for the IPNS model because the IPNS model
uses the full pressure gradient in the subsonicregion and, therefore,
gives the same results in comparison with those of the TLNS model.

Figure 8 gives a comparisonof the first derivative of pressure pro-
file Dp for the three models at station 175. The results of the PNS
model for the first derivative of pressure profile agree very well with
the IPNS and TLNS models, and no wiggles can be seen in the PNS
and IPNS solutions. Figure 9 shows a comparison of the second
derivative of temperature profile D2T for the three models at the
same station. The results of the IPNS and TLNS models are com-
parable, but deviations exist near the wall between the PNS model
results and those of the IPNS and TLNS models. These deviations
are due to dropping the elliptic part of the streamwise pressure gra-
dient term in the subsonicregion, which is not the case for the IPNS
model. It can be seen that small wiggles (oscillations) appear in the
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DT profile near the wall, which may affect the stability results.
These wiggles can also be seen in the results of the TLNS model.
The wiggles may come from the discrete differentiationof the basic
state profiles because of high clustering grid points near the wall.
Note that the results of the present PNS and IPNS schemes for the
basic state profiles and their first derivatives(even for pressure) show
no wiggles. The results of the PNS and IPNS models show small
wiggles for the higher derivatives near the wall, but the solutions
are free of wiggles near the critical layer.

The effectof numerical dissipationvalue on the second derivative
of temperature profile D?T for the solution of IPNS model at the
desired stationis presentedin Fig. 10. The increase of the numerical
dissipationaffects the value of D?T especiallynearthe critical layer.
With decreasingthe value of dissipation,this calculated profile con-
verges to the case of the lowest dissipation value. It is also clear that
for a very low dissipationvalue, ¢, = 0.001, small wiggles appearin
the DT profile near the wall. For a moderate numerical dissipation
value, €, =0.01, the solutions of the PNS and IPNS models have
smaller wiggles near the wall.

CPU-Time Comparison

The efficiency of the PNS and IPNS schemes is shown by the
CPU-time comparison of the various solutions for the same case.
Based on the TLNS model,* two major computations have been
performed for the STDS blunt-cone case, one with (1300 x 100)
grid points and the other with (1300 x 200) grid points. The total
computationtimes on a Cray Y-MP were about 60 and 260 h, respec-
tively. The basic flow computed by the EUBL model” for the STDS
blunt-cone case required about 1-h CPU time on a Cray Y-MP. The
presentcalculationsare performed on a 500-MHz Pentium III com-
puter. For the STDS blunt-cone case, based on the PNS and IPNS
models (using 200 grid pointsin the wall-normaldirection with 3120
sweeps in the streamwise direction), the maximum required memo-
ries are about 1- and 8-MB RAM, and the typical computationtimes
are 1.5 and 20 min, respectively. The CPU time of the TLNS solu-
tion in the nose region using (40 x 200) grid points is about 2 h (on
a personal computer), which must be added to the times of the PNS
and IPNS solutions. It is clear that both the PNS and IPNS schemes
significantly reduce the computertime and storagerequired to obtain
an accurate basic flow in comparison with the TLNS model.

Stability and Transition Results

For hypersonic flows, the experiments by Stetson! and Stetson
et al.2 and also the prediction by Mack?® clearly indicate the emer-

gence of second-mode instability. It is also found that second-mode
waves are most amplified when they are axisymmetric. Therefore,
the stability results and the prediction of the transition location are
basedon the two-dimensionalsecond-modecomputations.To deter-
mine the location of the transition onset, the classical linear stability
theory in conjunction with the " method is employed. The N fac-
tor is defined by the envelope of the total amplification curves as

follows:
A 3
N = max|:€n<—>:| = max —/ a; dE (24)
! Ae ! g0

in which A = A(§) is the disturbanceamplitude and A° refers to the
streamwise position £°, where the disturbance becomes amplified.

Sensitivity Study of Stability Results

After the accuracy of the basic flow is examined, a sensitivity
study is performed for the second-mode spatial growth rates calcu-
lated by the PNS and IPNS models. The numerical aspects affecting
the stability results are identified as the number of grid points and
grid distribution in the wall-normal direction and the amount of
numerical dissipation used in the PNS equations.

A gridrefinementstudy of the STDS sharp-conecaseis conducted
to examine the effects of number of grid points and grid distribution
on the stability results. For the STDS sharp-cone case, the stabil-
ity results are presented at the marching location, $* /S =0.326.
At this station, the local Reynolds number based on boundary-
layeredge conditionsis approximatelyRe, ; = 1.73 x 10*. Figure 11
shows the spatial growth rates obtained by the PNS model for var-
ious number of grid points in the wall-normal direction, Jmax, and
stretching parameter 8 at Re,;=1.73 x 10>. The study demon-
strates that the stability results are quite sensitive to the number
of grid points and grid distribution used to compute the basic flow.
This sensitivity is more pronounced near the branches of neutral
curve. It is clear that, beyond 200 grid points, the spatial growth
rate does not change very much near its peak, but it changes con-
siderably near the neutral curve. It is also evident that a clustering
parameter of 1.01 will be a better choice than 1.001 because this
leads to a higher number of grid points near the critical layer. Note
that the effect of stretching parameter 8 on the stability results is
more pronounced for the lower number of grid points. A similar
behavior was observed for the IPNS model.

For the STDS sharp-cone case, the present calculations based
on the PNS and IPNS models using Jmax =200 and g =1.01
are compared to the available theoretical results of Mack® and
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Fig. 11 Effect of grid refinement on spatial growth rates in the PNS
solution for the STDS sharp-cone case; Mo, =8 and Rec, =6.525 X 10°
atRe,;=1.73 X 10°.
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Chang et al.?® at the same station, as shown in Fig. 12. It can be
seen that the stability results computed by Chang et al. are compa-
rable with the present solutions near the neutral branches, but the
maximum spatial growth rate is lower than those obtained by the
PNS and IPNS models.

The results of the present study (both PNS and IPNS) for the
STDS sharp-cone case are nearly the same as Mack’s results 26 The
differencesbetweenthe presentcomputationsand Mack’s results are
caused by both different basic flows and different stability codes.
Mack used locally planar flow and neglected all 1/ k5 terms (curva-
ture terms). He computed the basic flow using the boundary-layer
equations with edge boundary conditions specified as the inviscid
solution at the cone surface (M, = 6.8 for this case). This approach
ignores the inviscid-viscous interaction. Figure 13 shows a compar-
ison of the second-modespatial growth rates obtained by the present
stability analysis with those of the planar stability study by Mack. To
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Fig. 12 Comparison of computed and measured spatial growth rates
for the STDS sharp-cone case; Mo =8 and Re. =6.525 X 10° at
Re,;=1.73 x 10°.
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explainthe discrepancy,the presentresults based on the IPNS model
are reproduced without curvature terms in the stability analysis. It
is found that the second-mode spatial growth rates using the present
study with curvature terms are always lower than the planar stabil-
ity results. In fact, curvature terms in the stability analysis have a
damping effect on the second-mode spatial growth rates.?’ It can be
seen that the present stability results without curvature terms are in
good agreement with Mack’s results?® except for the right branch of
second mode. The differencesin the stability results of Mack and the
present study (without curvature terms) are caused by the inviscid-
viscous interaction, which was neglected in Mack’s computation.
A similar effect was observed by Stilla’ for the STDS blunt-cone
case when the inviscid-viscous interaction was not considered in
his study. The results of the IPNS model without curvature terms
using 300 and 400 grid points with 8 =1.01 are also presented in
Fig. 13 to show the sensitivity of the stability results to the mesh
refinement.

A grid refinement study of the spatial growth rates obtained by
the IPNS model for the STDS blunt-cone case at $*/Ry =175 is
also performed, as shown in Fig. 14. Note that the number of grid
points required for stability analysis is much larger than that used
in the basic flow computations. The upper bound of number of grid
points required for an accurate solution of stability can be found
from the convergence of the generalized inflection profile G shown
in Fig. 15. As shown in Fig. 15, the G profile converges after 200
grid points except near its peak. It takes 400 grid points or more for
full convergenceof the G profile. The problem s that increasing the
number of grid points from 200 to 400 only adds a few grid points
near the high gradient region of the G profile. This is because of
the conflicting requirement of grid distribution between the basic
flow and stability computations. However, as in the case of STDS
sharp cone, the stability results indicate that 200 grid points with
B =1.01 give a reasonable solution, and for even better accuracy, a
higher number of grid points can be used. For the STDS blunt-cone
case, with Jmax = 300 (or more) and 8 = 1.01, the solutions of the
PNS and IPNS models using the step size A§ =0.1 are numerically
unstable at the shock boundary. Therefore, for the results presented
in Figs. 14 and 15, the step size in the marching directionis reduced
by half (A& =0.05) to provide stable marching near the shock.

A mesh refinement study is also performed in the streamwise
direction for both the STDS blunt and sharp cones (not presented
here). It is also found that, for 200 grid points in the crossflow
direction, the stability results are not very sensitive to the step size
in the marching direction. The stability results based on the TLNS
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Fig. 16 Effect of numerical dissipation value on spatial growth rates
in the IPNS solution for the STDS blunt-cone case; Mo, =8 and Re =
3.125 x 10* at S*/Ry =175 and 215.

model for the STDS blunt-cone case are available for Jmax =200
and g =1.01. Hence, for all of the following comparisons on the
STDS blunt-cone case, the results of the PNS and IPNS models are
presented with Jmax =200 and 8 =1.01 using A§ =0.1.

The effect of numerical dissipation value in the IPNS solution
on the spatial growth rates at two different stations is investigated
for the STDS blunt-conecase,as shownin Fig. 16.Itcan be seen that
the increase of the numerical dissipation value lowers (damps) the
second-mode curve and decreases the maximum growth rate, and
the bandwidth of instability becomes much narrower. Consequently,
the stability results change especially near the neutral curve, which
may affect the location of transition. This behavior is more pro-
nounced at the farther streamwise location. It seems that the shift of
growth rate curve from the left to the right side is due to the increase
of the numerical dissipation value in computing the basic flow us-
ing the IPNS model. A similar behavior was observed for the PNS

Frequency (x10™ Hz), f*

Fig. 17 Comparison of computed and measured spatial growth rates
for the STDS blunt-cone case; M., =8 and Re., =3.125 X 10% at
S*/Ry =175.

model. As mentioned before, the small wiggles appear in higher
derivatives in the subsonic region for a very low dissipation value.
However, the present stability computations show that the wiggles
in the higher derivatives near the wall produced by the PNS and
IPNS solutions do not affect the stability results very much for hy-
personic flow because the critical layer is near the edge of boundary
layer. This study indicates that the choice of the numerical dissipa-
tion valueequal to €, = 0.01 givesreasonableresults for the stability
in comparison with the results of the TLNS model.

The results for the second-mode spatial growth rates vs fre-
quency at station 175 are shown in Fig. 17 for the PNS, IPNS, and
TLNS models together with those of Malik et al.,*> Kufner et al.,5
Stilla,” and the STDS blunt-cone experiment? At this station, the
local Reynolds number based on the PNS and IPNS solutions is
Re.,; =2.33853 x 103, the same as the TLNS result. The wave
number o, =0.21 at the frequency of maximum amplification corre-
sponds to a wavelength twice that of the boundary-layerthickness,
as observed by the STDS blunt-cone experiment. The maximum
growth rate, however, is significantly different from the observed
value, and the bandwidth of instability is much narrower, similar
to that observed in the STDS sharp-cone experiment. The stability
results obtained from the PNS and IPNS models are qualitatively
in good agreement with those based on the other basic flow mod-
els. Stilla’ showed that the differencesbetween his and Esfahanian’s
stabilityresults* are due to differentbasic flows and not due to differ-
ent stability codes. Similar conclusions can be made about stability
results based on the PNS and IPNS models as basic flows in com-
parison with Stilla’s results’ based on the EUBL model. Although
the results of the IPNS model are closer to the results of the EUBL
model than those of other models, it is not clear why such differ-
ences between the IPNS and EUBL models should exist. According
to Fig. 17, the results of the PNS model are closer to the TLNS
results than those of Malik et al.> and Kufner et al.,° whereas the
IPNS and TLNS results are almost identical. It can be seen that the
IPNS model shifts the maximum growth rate to a larger value and
moves the whole curve to the left side, which is closer to the results
of the TLNS model than those of the PNS model. A similar effect
can be seen for the STDS sharp-cone case (Fig. 12).

As shown in Fig. 17, the maximum spatial growth rates obtained
by Malik et al.* and Kufner et al.® are lower than those of computed
by the PNS, IPNS and TLNS models. The numerical methods used
by Malik et al.* and Kufner et al.® to compute the basic flow are dif-
ferent than the one used here. In fact, different numerical methods
mean differentnumericaldissipationsthatresultin differentstability
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tial growth rates for the STDS blunt-cone case; M. =8 and Re. =
3.125 x 104,

results. The present sensitivity study demonstrates that the number
of grid points, the grid distribution,and also the numerical dissipa-
tion can affect the stability results. Therefore, their underpredictions
might be due to unsuitable grid size and grid distribution or due
to inherent numerical dissipation that may exist in their numerical
methods of basic flow solutions. Similar discussion applies to the
STDS sharp-conecase in which the PNS code used by Chang et al.®
underpredictsthe maximum spatial growth rate in comparison with
the present stability results.

For the STDS bluntand sharp cones, the stability results based on
the PNS and IPNS models show much larger maxima for the second-
mode spatial growth rates than the experimental results. The main
reason for the discrepancy between the experimental results and
the present computations seems to be the presence of wind-tunnel
noise. According to Wilkinson,?® linear stability theory is capable
of predicting a large portion of the instability process only when the
relevant physicsare included and the experimentaldata are obtained
in a suitably low-disturbance environment, which may not be the
case in the STDS experiments. Note that the stability results of the
sharp-conecase show a better agreement with the experimentaldata
than those of the blunt-cone case. This may be due to the presence
of the entropy layer for the blunt cone.

Figure 18 compares the computed maximum growth rates vs lo-
cal Reynolds number Re, ; from the PNS, IPNS, and TLNS models
with the results of Malik et al.’> and the STDS blunt-cone exper-
iment. Note that the stability results based on the PNS and IPNS
models are closer to the results of the TLNS model than those of
Malik et al. The computed critical Reynolds number based on the
PNS model (about Re, ; = 1.54 x 10%) is qualitatively comparable
with the results of the IPNS and TLNS models and that of Malik
et al. All of the predicted critical Reynolds numbers are lower than
the measured one (Re,, ; =1.95 x 10°). These deviations exist up
to about Re,, ; = 2.5 x 10°, and the experimental growth rate sud-
denly beginsto increase about this Reynolds number and crosses the
computed growth rate curves. The rapid change of the experiment
growth rate may be due to the nonlinear effects, which can not be
predicted by the linear stability theory.

Prediction of Transition Onset

Figure 19 shows the second-mode N-factor computation of the
STDS blunt-cone case based on the PNS and IPNS models. For
N =5.5, the transition location computed by Malik et al.> for a
sharp-cone case with the same freestream conditions was in agree-
ment with the experimental data of Stetson et al.!* Because the

T T 7
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IPNS Model

N-Factor

=160

Fig. 19 Second-mode N-factor computation for the STDS blunt-cone
case; My, =8 and Reo, =3.125 X 10* (Af* =5 kHz).

blunt-cone experiments were performed in a similar disturbance
environment, N =5.5 was also assumed for this case. When the
same N factor, based on the PNS and IPNS models, is used,
transition takes place at Re,, ; =2.865 x 10° (Re, s =11.6 x 10%)
and Re,,; =2.825 x 10° (Re, s = 11.3 x 10°), respectively, which
is comparable with the prediction by Malik et al.* and Stilla,’
Rey,; =2.8 x 10° (Re, s =11 x 10°). The frequency range around
the predicted transition Reynolds numbers is between 120 and
130 kHz. The computed transition Reynolds number based on the
IPNS model differs from the estimate of the STDS experiment
(Re,.s =13 x 10°) by only about 13%. The transition location pre-
dicted by the PNS model is expected to be higher than that of the
IPNS model for the STDS blunt-cone case. This is due to omitting
part of unfavorable streamwise pressure gradient term in the PNS
model, which delays the transition location.

Conclusions

The accuracy of the PNS and IPNS models for use as basic flows
for stabilityanalysis of hypersoniclaminar flow over bluntand sharp
cones at Mach 8 has been studied. Some conclusions regarding
the basic state and stability computations of hypersonic flow over
slender axisymmetric bodies are as follows:

1) The basic flowfield computed by the PNS model is in good
agreement with the TLNS model and experimental data. The re-
sults of the IPNS model indicate that the global iteration of the
PNS solution improves the accuracy of basic flow variables and
their derivatives. The PNS and IPNS models significantly reduce
the computation time and memory needed to obtain an accurate
basic flow in comparison with the TLNS model.

2) The present results indicate that the accuracy of basic flow
variables and their derivatives computed by the PNS equations is
sensitive to the amount of numerical dissipation. The sensitivity
study shows that the most sensitive variable, which is affected by
the numerical dissipation, is temperature. The study demonstrates
thatthe increase of the numerical dissipationvalue affects the higher
derivatives of the basic state profiles especially near the critical
layer. Therefore,the numericalimplementationof the PNS and IPNS
models should use as small as possible numerical dissipation value.

3) The sensitivity study shows that the number of grid points
and the grid distribution have significant effects on the stability
results. The study indicates that an accurate solution requires a suf-
ficiently fine grid close to the wall, especially near the critical layer.
The generalized inflection profile G is a good indicator for the up-
per bound of number of grid points required for accurate stability
computations.
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4) The stability characteristicssuch as the spatial growth rates, the
critical Reynolds number, and the transition location predicted by
the PNS model qualitatively agree with those based on other basic
flow models. The present study shows that the stability results are
almost identical for both IPNS and TLNS as a basic flow.

5) The present study indicates that the wiggles in higher deriva-
tives near the wall produced by the PNS and IPNS solutions do not
affect the stability and transition results very much for hypersonic
flow, where the critical layer is near the edge of the boundary layer.

6) It is found that the increase of the numerical dissipation value
lowers (damps) the second-mode spatial growth rate curve and de-
creases the maximum growth rate, and the bandwidth of instability
becomes much narrower, especially near the neutral curve. In fact,
the numerical dissipation has a stabilizing influence on the second-
mode spatial growth rate. However, the effect of numerical dissi-
pation on the stability results is not as great as those of number of
grid points and grid distribution. An additional effect of increase
of numerical dissipation value on the stability results is to shift the
second-mode growth rate curve from the left to the right side.

7) The present study demonstrates the suitability of using more
computationally efficient parabolized schemes for stability calcula-
tions in comparison with Navier-Stokes and Euler/boundary-layer
solutions and shows that the PNS schemes producenearly the same
results. The study indicates that careful numerical solutions of the
PNS and IPNS models canbe used for arapidand practicaltransition
prediction in hypersonic flow over axisymmetric geometries.
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